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A further modification(through proper symmetrization of the self-energy integoal Wang and Wu's
modified calculationgPhys. Rev. E48, 37 (1993] reproduces Yakhot and Orszag'’s regultSci. Computl,
3 (1986]. [S1063-651X97)01602-4

PACS numbds): 47.27~i, 11.10.Gh

The dynamic renormalization-grodRG) approach of Ma  in the Fourier space, whei; (k)=(J;; —kikj/|k|2), and
and Mazenkd1] has been mainly a tool to study the large-
scale long-time properties of Navier-Stokes fluids driven by (k)= % @)
a random external noise, first used by Forster, Nelson, and kY -
Stephen[2]. A generalization given by DeDominicis and
Martin [3] includes the Kolmogorov spectrum of strong tur-  In the Fourier-transformed space, E(B.and(2) take the
bulence for a particular value of a parametér4) coming  form
from the correlation of the random external stirring. Yakhot . )
and Orszad4,5] carried out the renormalization-group cal- (—To+vk?)ui(k,w)
culation based on these ideas, and obtained various universal )
amplitudes associated with Kolmogorov turbulerizelud- —f.(K,w)— ”‘_0 = (k)J’
ing the case of a passive scalan remarkable agreement e 2
with experimental numbers. However, Yakhot and Orszag
used ae-expansion schem@ommonly used in critical phe- Xuj(g,0")uy(p,0")[27196%q+p—k)
nomena in their calculations, where one se¢s=0 in the
calculated amplitude&wvhich is equivalent to extracting the
ultraviolet pole in the self-energy integyalThis has led to
objectiong 6], following which Wang and W{i7] have sug-
gested a modification of the RG calculation.

In this paper, we would like to show that a further modi- kjuj(k,)=0, (6)
fication in Wang and Wu's calculations, through proper sym-
metrization of the self-energy integral, gives back the resultvhere Py (k)=k;P; (k) +kPj; (k) and\, (=1) is the formal

diqde’ d9pde”
[27T]d+1f [27T:|d+l

X[27]d(0w' + 0" —w) )

and

of the Yakhot and Orszag calculation. expansion parameter. An ultraviolet cutoff at a wave number
The inertial range turbulence has been modeled by thd to the wave-vector integration is assumed, corresponding
randomly driven Navier-Stokes equation to the “internal” (viscous cutoff.

Now, one eliminatedi.e., integrates awaythe “fast”
modesu” (k,w) lying in the bandAe™"<k<A, leading to an
du VP ) equation for the “slow” modesu~(k,w) (belonging to
E"‘(U'V)U:_E‘FV()V u+f (1) 0<k<Ae7r) given by

_ 2),<
along with the incompressibility condition (mio+vk)ur (k)

_ Y diqde’ [ d%de”
V.u=0, ©) :ff(k’w)_TOPijl(k)f qde f pdw

[27T]d+l [27T]d+1
whereu(x,t) and P(x,t) are the velocity and pressure fields, XU=(q,0")uf(p,w")[27]98%q+p—k)

po the density, andy, the kinematic viscosity of the fluid; the )

dynamics, having been modeled to be driven by the random

stirring forcef(x,t), have been assumed to have a Gaussian X[27]6(0"+ 0"~ o) +Ri(k,0), (7)
white-noise statistics with the correlation

(i(k,) (K", 0")) = F(K)Py (K)[ 2710 6%(k+ k') with
X[2m]8(w+ o) 3) Ri(k,®)=—3;(k,0)u; (K, 0), ®
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which, when taken on to the left-hand side in Eg), gives Wang and Wu do not make the substitutipr-q—k/2 in
correction to the bare “viscosity’vok? given by the self- Eq. (11). Using expansions similar to those of Yakhot and
energy Orszag, their calculations yield
Sik(k,0) ww Sy d2—d | A\jDo (e -1 ,
M ko) = o 2ddr2)) W7 | eae )< Puk
diqde’ d9pdw” (14
- IJI k)J [2 ]d+l [27T]d+1

where the quantity in square brackets is found to be indepen-
, , iNg dent of ¢, alleviating one from setting=0.
XQjm(9,0")Gp(p, ® )( ) PamP) However, we point out that there is no reason to prefer to
do thep integration first in Eq(10). It is also equally pos-
x[27]8%q+p-K)[27]8(w' + 0"~ w) (9)  sible to do theq integration first. Adding the results of the
two integrations gives

with Gj;(k,w)=(—iw+vok?) ~*P;;(k) being the propagator
andQ;=G;j;F; GJ} the velocity correlation. Using the prop-
erty of isotropy, X;; (k)=X(k)P;;(k), and carrying out the
frequency integrations, we obtain from H§) F(q) 1

X Pimk(k—0)

25 (ko) NP (K)| [ 5T Pin(

2v09° —iw+ vog®+ volk—q?

ddq ddp 0 0
—\2p.. .

Stk NP [ 55 | 5B Pin(@PimP) "

+f [27]° Pim(K—p)Pimk(pP)

F(a) 1
X Tt vdlit vn2
voQ lwT o™+ vop F(lk—p|) 1
—7 —7 2| (19
X[27T]d5d(C]+p—k). (10) 2V0|k p| |w+V0|k p| +vop

Evaluating the integrals in the RG limit—0 and »—0

) . ) by picking up the leading contribution from the regiaps k
Now, using thed function in Eq.(10) to integrateonly ;4 p>k, we find from Eq.(15)

overp leads to

d 2_ 2,4-8—
Eik(k'w):)\gpm(k)f 2 P P Filkoe)= [287:]“ % [ 2;(d+d2) o ;d?dfz)zy”
F(a) 1
X - . (11 —
2v09° —iw+ veq®+ volk—q|? Ao DO( 1) 2
X7 | e [P0, (16)

At this point, Yakhot and Orszag make the substitutionthe first term being th&half of) Wang and Wu’s result,
g—q—k/2 in Eqg.(11), and evaluate the integral in the limit whereas, the second term does depeny tand therefore on
k—0 and w—0 by extracting the leading contribution from ).
the regiong>k, yielding Using Eq.(13), it can easily be seen that this resjiHq.

(16)] reduces to the Yakhot-Orszag result, EtR). It should
be noted that, quite like Wang and Wu’s calculations, we did
)\ D not make any replacement likep—~gq—k/2 or p—p—k/2 to
= ( >k2p”(k) get the resulfEq. (16)] from Eq. (15).
Yo We have thus made a proper symmetrization of the self-
(120 energy integra[given by Eq.(10)] by giving no preference
to one integral over the other through the use of éfanc-
where tion. Yakhot and Orszag's RG calculations achieve the sym-
metrization through the substitutiamp—qg—k/2 in Eqg. (11).
(13) Although it changes the Ilimit of integration to
Ae”"<|g—k/2|<A, this substitution reproduces the result in
Eq. (16) in the leading order mainly becaukeA.

Sd d2 d—E
[27]9 2d(d+2)

SOk, )=

e=4+y—d

is the small parameter of the RG theory, which is to be set to This work has been supported by the Institute of Physics,
zero in the square bracket. Bhubaneswar, India.
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